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Abstract

I provide a detailed proof of the rational surgery existence theorem, in both the simply-
connected and non-simply-connected case. As applications of the simply-connected case, 1
study (1) rational homotopy complex projective spaces in terms of their possible Pontryagin
numbers. (2) rational analogs of projective planes, which are smooth closed 4k dimensional
manifolds whose rational cohomology is rank 1 in dimension 0, 2k and 4k and is zero other-
wise. I prove that after dimension 2,4,8 and 16, which are the dimension of the real, complex,
quaternionic and octonionic projective planes, 32 is the smallest next dimension where such
manifolds do exist. Applying the rational surgery existence theorem, the question is re-
duced to finding possible Pontryagin classes satisfying the Hirzebruch signature formula
and a number of congruence relations determined by the integrality conditions coming from
the Riemann-Roch Theorem. And this is eventually equivalent to finding possible solutions
to a system of Diophantine equations. As an application of the non-simply-connected case,
I study the following question: given a special family of rational Poincaré duality algebras
and a finite group action on it, does there exist a free action of the finite group on a smooth
closed manifold whose cohomology ring realizes the given algebra with the action? In the
last chapter, I study rational surgery existence question in the case when the fundamental

group is Z.
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CHAPTER 1

Introduction

1.1. Background

In 1951, Serre proved that the homotopy groups of spheres are all finite except for
Tn(S™) and 74, _1(S?"), i.e.

x* =2k —1;
W*(SQk_l) ®Q _ Q

0 otherwise

7r*(52k)®Q: Q *x=2kordk—1;
0  otherwise
which are fairly simple compared to the very complicated ordinary homotopy groups of
spheres. Philosophically, this indicated that one can hope for complete answers to the ra-
tional version of certain homotopy theoretic problems that are almost impossible over Z.
In the mid 1960’s, Sullivan computed the homotopy groups of the classifying space G/PL
and introduced the idea of localization at primes, motivated by such type of computations.
In his 1970 lecture notes [S2], Sullivan initiated the concept of localization and comple-
tion of topological spaces. For simply-connected spaces, the localization can be inductively
constructed from the Postnikov tower. In 1971, Bousfield and Kan [BK] introduced the
fibrewise completion and localization functor, which allows a generalization to non-simply-
connected spaces. In particular, the localization at (0) associates to a space X a new space
X (0) whose higher homotopy groups are all rational vector spaces, and a map f : X — X(q)
inducing an isomorphism on the fundamental group and isomorphisms on higher homo-
topy groups tensoring the rationals. In [S1], Sullivan studied the diffeomorphism classes
of compact smooth manifolds determined by algebraic invariants consisting of the rational

homotopy type (the minimal model) and the tangent bundle information (including the

1



1. INTRODUCTION 2

Pontryagin classes). He also gave an existence theorem for manifolds realizing such rational
homotopy data, followed by a sketch of a proof. In [TW], the authors proved the local

surgery exact sequence.

1.2. Localization of topological spaces

The localization functor gives a topological space X a CW complex denoted X gy which

carries all the rational homotopy data of the space X.

DEFINITION 1.2.1. A Q-local space is a CW complex X, satisfying

(X)) = (X)) ® Q for all * > 1.

REMARK 1.2.2. [GM] X is a Q-local space if and only if ﬁ*(ff, Z) are Q vector spaces,

where X is the universal cover of X.

DEFINITION 1.2.3. We say a map f : X — Y is a Q-homotopy equivalence if

fe:m(X) = m(Y) and f, : m.(X) @ Q = (YY) ® Q for all * > 1.

DEFINITION 1.2.4. Given a space X and a Q-homotopy equivalence f: X — Xg) with

X(0) Q-local, we say that f: X — X is a localization of X.

THEOREM 1.2.5 ([GM]). If f: X — X(g) and f': X — XEO) are two localizations of X,
then there exists a homotopy equivalence h : Xy — Xéo) which is unique up to homotopy,

such that the following diagram commutes up to homotopy.

fl
X —— X

b A
Xo

REMARK 1.2.6. A map localizes the homotopy groups if and only if it localizes the

homology groups. More precisely, suppose X and X(g) are connected CW complexes with

X(0) Q-local, and let f : X — X gy be a map which induces isomorphism on the fundamental

group, then the following are equivalent [GM]:
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(a) f: X — X(g) is a localization defined as above.

(b) fu: H(X;Q) — ﬁ*(%;(@) is a isomorphsim.

DEFINITION 1.2.7. We say two CW complexes X and Y are rational homotopy equivalent

if there exists a homotopy equivalence between their localizations:

X — Yo

1.2.1. Localization of simply-connected spaces. For simply-connected spaces, the

localization can be constructed inductively from Postnikov towers.

REMARK 1.2.8. Such construction can be extended to the more general so-called “nilpo-
tent spaces” (CW complexes having nilpotent fundamental group which acts nilpotently on
the higher homotopy groups) [S2]. But the resulting localization would also localize the

fundamental group.

Y

ExaMPLE 1.2.9. Construction of (C]P’(D).
Let o be a generator of H?(CP"; Q). Let f € [CP", K(Q,2)] = H?(CP";Q) be such
that f*(t2) = «, then f induces isomorphisms on H*(—;Q) through * < 2n + 2. Let
g€ [K(Q,2), K(Q,2n+2)] = H**?(K(Q,2); Q) be such that g*i2,12 = (57", Pulling back
the fibration K(Q,2n + 1) — x — K(Q,2n + 2) via g, we get a fibration K(Q,2n + 1) —

. . . 1
E — K(Q,2) with k-invariant (5%

KQ,2n+1) — K(Q,2n+1)

| |

‘ FE *
CP" K(Q,2) I K(Q,2n+ 2)

The map g induces a morphism between the two spectral sequence of the two corre-

sponding fibrations:
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HP(K(Q,2n +2); HI(K(Q,2n +1);Q)) = H(x; Q)

2n + 1| tan+1

L2n+2
2 2n +2
HP(K(Q,2); HY(K(Q,2n +1);Q)) = HPT(E;Q)
2n 41 | tant1
19 e
2 2n + 2

In the first spectral sequence, the class 19,41 is killed by a differential dk(bgH'l) = lopil,

which implies that in the second spectral sequence, t9,+1 is also killed at the stage. So we

have:
x=2and 2n+1
T (E) = Q2
0  otherwise
i} Q *x=2andi<n
H*(E;Q) =

0  otherwise
and by obstruction theory, the map f : CP" — K(Q,2) lifts to a map f: CP" — E which

will be a localization map, so we constructed a Q-local space E = CP?O).

1.2.2. Localization of non-simply-connected spaces. For non-simply-connected
spaces, the localization can be constructed from the fibrewise localization functor [BK].
Given a fibration of spaces F' — F — B with F' simply-connected, the fibrewise local-

ization functor gives a functorial commutative diagram:

F——F——20D

|

Fo) ——F ——=B
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such that the bottom row is a fibration and the map F' — F{g) agrees with the localization
of simply-connected spaces constructed from the Postnikov tower.
Given arbitrary CW complex X with fundamental group , one can define X g to be

(BT Xq X ), by applying the fibrewise localization functor to the fibration

X—=Enx, X~X/mr~X

|

Br

1.3. Homotopy cartesian and cocartesian square

The concept of homotopy cartesian and homotopy cocartesian square will be used later

in the proof of the rational surgery existence theorem.

DEFINITION 1.3.1. A commutative square

A1 p

b, b

c—2-D
is called a homotopy cartesian square if the induced map from A to the homotopy pullback
P(k, g) is a weak homotopy equivalence. The homotopy pullback is defined to be {(b, a, ¢) €

B x D' x C | k(b) = a(0),g(c) = a(1)}

THEOREM 1.3.2. Given a commutative square as above, the following are equivalent:
(a) The square is a homotopy cartesian square.
(b) The induced map of the homotopy fibres Fy — Fy is a weak homotopy equivalence.

(¢) The induced map of the homotopy fibres Fy, — F} is a weak homotopy equivalence.

DEFINITION 1.3.3. A commutative square
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is called a homotopy cocartesian square if the induced map from the homotopy pushout
M(f,h) to D is a weak homotopy equivalence. The homotopy pushout M(f, h) is defined to
be the double mapping cylinder MU M), = (BU(AxI)UC)/{(a,0) ~ f(a),(a,1) ~ h(a)}

THEOREM 1.3.4. Given a commutative square as above, the following are equivalent:
(a) The square is a homotopy cocartesian square.
(b) The induced map of the homotopy cofibres Cy — Cy is a weak homotopy equivalence.

(¢) The induced map of the homotopy cofibres Cp, — Cy, is a weak homotopy equivalence.

1.4. Surgery theory

We will give a brief review of classical surgery theory in this section. The classical

references are [B], [W] and [R].

DEFINITION 1.4.1. An n-dimensional Poincaré complex X is a finite CW complex with
an orientation character w : m(X) — Zy and a fundamental class [X| € H,(X;Z*) such
that:

NIX] : HY(X; Zlm (X)) — Hyo(X; Zlm (X)]?)

Given a Poincaré complex X, there are two obstructions to the existence of a closed
manifold which is homotopy equivalent to X. The first obstruction is the existence of a
degree 1 normal map which gives a candidate manifold to perform surgery on; the second
obstruction is the vanishing of surgery obstruction, which can be computed algebraically, it

determines if surgery can produce a manifold realizing the starting homotopy type.

1.4.1. Spivak normal fibration.

DEFINITION 1.4.2. A Spivak normal fibration of a n-dimensional Poincaré complex X is
a (k—1)-spherical fibration vy : X — BSG(k) together with a Spivak class a € 7,4, (Tvx)
such that the image of a under the composition of the Hurewicz map and the Thom iso-

morphism is the fundamental class of X. i.e.

Tk (Tvx) = Hyo(Tvx, Z) — Hy(X;Z)
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a— [X]

THEOREM 1.4.3. [B, Spivak Uniqueness Theorem| Any two Spivak normal fibrations
(v,a), (V,a') over X are related by a stable fibre homotopy equivalence b: v = /' such that
T(b)«(o) = . Stabilizing vx, we call the resulting stable spherical fibration the Spivak

normal fibration of X.

REMARK 1.4.4. The Spivak normal fibration of a Poincaré complex is the homotopy
theoretic analogue of the stable normal bundle of a manifold.

Given any n-dimensional Poincaré complex X, one can embed K in some sphere S™t*
for k large with regular neighborhood (N"*% ON). Then the inclusion 9N — N is homo-
topy equivalent to a fibration with fibre a homotopy S*~! [B, Theorem 1.4.4]. Pull back
this spherical fibration through the homotopy equivalence X — N, the resulting spherical

fibration £ — X is the desired Spivak normal fibration of X.

1.4.2. Degree one normal map. The first obstruction to the surgery problem van-
ishes if there exists a bundle reduction of the Spivak normal fibration of X, i.e., one asks:

does there exist a vector bundle ¢ : X — BSO such that:

BSO
el
X" BSG

commutes up to homotopy. If so, then there exists a degree 1 normal map.

DEFINITION 1.4.5. A degree 1 normal map (f,b) : (M,vy) — (X,€) isamap f: M —
X from a n-dimensional manifold M to a n-dimensional Poincaré complex X such that
f«[M] = [X], together with a bundle map b : vy — & covering f where vy is the stable

normal bundle of M.

DEFINITION 1.4.6. A normal bordism is a degree 1 normal map
((F,B); (f,b),(f,0): (W; M,M") — X x (I;0,1)

where (W; M, M') is a cobordism. We say that the normal maps (f,b) and (f’,d’) are

normally bordant to each other.
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The set of equivalence classes (up to normal bordism) of degree 1 normal map with

range X is called the the normal structure set of X, and is denoted by N(X).

REMARK 1.4.7. [B][R|[MM] If M is a smooth manifold, the normal structure set
No(M) is isomorphic to [M,G/O] and if M is a PL manifold, the normal structure set
Npr(M) is isomorphic to [M,G/PL)].

THEOREM 1.4.8. [B][R][MM] Let X™ be a Poincaré complex and & a vector bundle
over X™. There exists a degree 1 normal map (f,b) : (M™, var) — (X™, &%) if and only if

€* is a reduction of the Spivak normal fibration V% .

PROOF. (<=) If ¢¥ is a reduction of the Spivak normal fibration V§<, the proper fibre
homotopy equivanece &F — y§( induces a homotopy equivalence T¢F — TV§(. The Spivak
class a € 7rn+k(TV]’f/[) corresponds to a homotopy class ¢ € 7rn+k(T§k) such that, under
the Hurewicz map and the Thom isomorphism, h(c) N U = [X]|. One can perform the
Thom-Pontryagin construction. Let g : S"* — T¢* represent the class ¢. By the Thom
transversality theorem, we can assume ¢ is transverse to the zero section X in T'(¢%). Then
M = g~(X) is a n-dimensional smooth manifold whose normal bundle ¥, is mapped to
¢* by g. By construction, the restricted map g|ps : M™ — X" is a degree 1 map.

(=) If there exist a degree 1 normal map (f,b) : (M™,vy) — (X" €F), the sphere
bundle S¢¥ is a Spivak normal fibration with Spivak class T'(b)cas where i € Ty (Tvas)
is the class representing the collapsing map cpy : S™F — S7+k/(S"HE D(vy)) = Ty

Then by the Spivak uniqueness theorem, £¥ is a reduction of V§{.

1.4.3. Surgery obstruction. The surgery obstruction lives in the L-group of the
group ring Z[m(X)], it is the kernel form of the candidate degree 1 normal map. The

L-group can be computed algebraically.

THEOREM 1.4.9. Given a degree 1 normal map (f,b) : (M™,vayr) — (X,€) (m > 5),

there is a surgery obstruction

0x(f,0) € Lin(Z[m1 (X))
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such that ox(f,b) = 0 if and only if (f,b) is normally bordant to a homotopy equivalence.

EXAMPLE 1.4.10. [R] In the case that X is simply-connected, we have
Z m=0 (mod4)
Lin(Z)=14 Zy m=2 (mod 4)
0 otherwise
REMARK 1.4.11. In the 4k dimensional simply-connected case, the surgery obstruction
vanishes if and only if the symmetric forms (H?*(M;Z),\) and (H?*(X;7Z), \) are stably
isomorphic, i.e.
(H*(M;Z),\) & H(Z™) = (H*(X;Z),\) & H(Z")
where H(Z™) and H(Z') are hyperbolic forms. And this happens if and only if the two

forms have the same signature

o(H*™(M;Z),\) = o(H™(X;Z), )

1.5. Pontryagin classes

Pontryagin classes are characteristic classes that play an important role in surgery the-

ory. The Pontryagin numbers are homeomorphism invariants of smooth manifold.

THEOREM 1.5.1. [MS] Let p;(y) € H*(BSO;Z) be the Pontryagin class of the universal
bundle v over the smooth orientable classifying space BSO. The rational cohomology ring

of BSO is generated by these Pontryagin classes:

H*(BSO;Q) = Q[p1(7):p2(7), -]

and there are no polynomial relations among the p;(7y)’s.

DEFINITION 1.5.2. Let M4 be a smooth, compact, oriented manifold. For each partition
I =iy,...,i, of n, the Ith Pontryagin number pr[M] = p;, - - - pi, [M] is defined to be the
integer
(pir (Tar) -+ pi. (Tar), [M])

where p;, (Tar) € HY(M;Z) is the i,xth Pontraygin class of the tangent bundle of M.
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REMARK 1.5.3. In the 1960s, Novikov proved the famous result that rational Pontryagin

classes of the tangent bundle are homeomorphism invariants for manifolds.
DEFINITION 1.5.4. Given a formal power series f(t), the associated multiplicative se-
quence is a sequence of polynomials in the variables x;
Ki(z1), Ko(x1,x2), K3(21, 22, 23), - - -
such that
Ky(o1,- -+ ,0x) = the degree k homogeneous part of f(t1)--- f(tx)
where o; is the ¢th elementary symmetric polynomial on the variables t1,to, - , tz, i.e.

l+or+op+ - +op=(1+t) - (1+t)

EXAMPLE 1.5.5. The L polynomial Li(o1,09,...,0%) is the degree k polynomial of the

multiplicative sequence associated to the power series

f(t) = \//tanh\/—1+3t—4—15t2+

For example, when k = 2, if we formally write p; = o1(t1,t2), p2 = oa(t1,t2), then

Vi Vi2
Lo(p1,p2) = the degree 2 homogeneous part of < X
tanh /11 tanh v/t
1 1 1
= the degree 2 homogeneous part of (1 + gtl 45t1 +)x (1+ §t2 45152
1 1,
= =11t t t
gtz — g5 (i +12)
= L 1((t+t)2 2t11s)
= ghlz= s+ 1l2
S PR
= Tt 15t
1,7
= 45291 45172

THEOREM 1.5.6. (Hirzebruch signature theorem) For any smooth closed oriented man-
ifold M* with Pontryagin classes p; = pi(tar), fundamental class [M**], and signature
O'(M4k),

0(M4k) = <L/€(p1a T ’pk)a [M4k]>
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REMARK 1.5.7. The signature theorem indicats that the coefficients in the L polynomial
can be also obtained in the following way. The signature function M +— o(M) gives rise
to an algebra homomorphism from the rational cobordism algebra €, ® Q to Q. And since

the algebra
Q. ® Q = Q[CP?,CPY, .. ]

and ¢(CP?*) = 1, we can solve for the coefficient of the L polynomial. For example,

Ls(p1,p2,p3) = aps + bp1pz + cp}. By the signature theorem, we have

1 = ap3[CPY] + bp1p2[CPY) 4 cp3[CPY]
1 = ap3[CP? x CP*] + bpp2[CP? x CP*] + cp3[CP? x CPY
1 = ap3[CP? x CP? x CP?] + bp1pa[CP? x CP? x CP?] 4 cp3[CP? x CP? x CP?]

The Pontryagin numbers of CP?* can be computed by the following formula [MS]

Piy - Di [CP%] = (Qkij_ 1) o <2ki+ 1)

so the above system of linear equations can be rewritten as

1 = 3ba + 147b + 343c¢
1 = 30a + 105b + 225¢
1=27a+ 81b+ 162c

Hence
_ 62
@ = 955
_ 13
b= —35i5
_ 2
€= 955
So we have computed that
Ls( )= 22 st — o pip +
3(P1,P2,P3) = 945193 9452?1]92 945171

REMARK 1.5.8. [MS, Problem 19-C] Let B,, be the n-th Bernoulli number. The coeffi-

cient of p, in the L-polynomial Ly (py,...,pn) is equal to 227(22"~1 —1)B,,/(2n)!.



CHAPTER 2

Rational Surgery Preliminaries

2.1. Q-Poincaré complex

In rational surgery theory, the starting space carrying all the desired rational homotopy

data is a Q-local space satisfying the Poincaré duality in rational coefficients.

DEFINITION 2.1.1. An n-dimensional Q-Poincaré compler is a CW complex X that

is rational homotopy equivalent to a finite CW complex, with an orientation character

w: T (X) — Zg and a fundamental class [X] € H,(X;Q“) such that:

NIX] - H*(X;Q[my (X)) — Hneo(X; Qm1 (X)]¥)

To determine if a CW complex X is a Q-Poincaré complex, we need to first check if X
has the rational homotopy type of a finite complex. The following lemma gives necessary

and sufficient condition in the case when X has finite fundamental group.

LEMMA 2.1.2. [DM, Theorem 3.5] Given a CW complex X with finite fundamental group
G and universal cover X , the following are equivalent:

(a) X is rational homotopy equivalent to a finite complex.

(b) H*()N(7 Q) is finitely generated, and for all g € G — {e}, the Lefschetz number
D (=) tr(ge s Hi(X;Q) — Hy(X;Q)) =0

(¢) Hy(X;Q) is finitely generated and Z;’io(—l)i[Hi()?; Q)] = 0 € Ko(QG).

REMARK 2.1.3. If X is simply-connected with Y dimH;(X; Q) < oo, there always exists
a finite CW complex that is rational homotopy equivalent to X.

12
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2.2. Rational Spivak normal fibration

Given any n-dimensional Q-Poincaré complex X, there exists a finite CW complex
K and a homotopy equivalence f : X — K. One can embed K in some sphere
Stk for k large with regular neighborhood (N"*¥ ON). Since K is also a Q-Poincaré
complex, the inclusion N — N is homotopy equivalent to a fibration £ — N whose
fibre F is rational homotopy equivalent to S*~!. Localizing the fibration we get another
fibration Sé“ogl — E@) = N(g) =~ K(). Now we pull back this fibration through the map
X — X) = N to get a fibration Séco;l — E' — X. We call this rational spherical
fibration vx : X — BSG(k) ) the rational Spivak normal fibration of X.

Moreover, if X is Q-local, there exists a Spivak class a € m,1(Tvx) such that the

image of « under the composition of the Hurewicz map and the Thom isomorphism is the

fundamental class of X. i.e.
Tnk(TVx) = Hoyn(Tvx; Z) — Ho(X;2) = Hy(X;Q) = Q

a— [X]

REMARK 2.2.1. Since BSG g is contractible, the rational Spivak normal fibration vx :
X — BSG|g) is fibre homotopy equivalent to any other rational spherical fibration VX —

BSG(gy. Moreover, any map & : X — BSOq) is a reduction of vx, i.e. the diagram

BSOy
.
x 2 BSG (o) ~ *

commutes up to homotopy.

2.3. Rational degree 1 normal map

DEFINITION 2.3.1. Let X be a n-dimensional (Q-Poincaré complex with a specified fun-
damental class [X]| € H,(X;Q) and a vector bundle £ over X. A rational degree 1 normal
map (f,b) : (M,vy) — (X,€) is amap f : M — X from a n-dimensional closed ori-
ented manifold M to X together with a bundle map b : vy — £ covering f, such that
rofu|[ M| = [X] with r, : Hy(X;Z) — H,(X;Q) and vj is the normal bundle of M.
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DEFINITION 2.3.2. If we do not specify a choice of fundamental class [X] € H,(X;Q),

a rational nonzero degree normal map is a map f : M — X covered by a bundle map

b: vy — € such that f [M] # 0 € H,(X;Q).

REMARK 2.3.3. Let X™ be a rational Poincaré complex and &* a vector bundle over
X™. There exists a rational degree 1 normal map (f,b) : (M™,var) — (X, €F) if and only
if there exists a homotopy class ¢ € 7rn+k(T§k) such that, under the Hurewicz map, the
Thom isomorphism and the coefficient map r, : H,(X;Z) — H,(X;Q), ri(h(c)NU) = [X].
If there is such a homotopy class ¢, we can perform the Thom-Pontryagin construction to

get the rational degree 1 normal map as described in the ordinary case.

2.4. Rational surgery obstruction

THEOREM 2.4.1. [A][TW] Given a rational degree 1 normal map (f,b) : (M™,vpr) —

(X,&) (m >5), there is a surgery obstruction

0+ (f,b) € Ly (Q[m1(X)])

such that o.(f,b) = 0 if and only if (f,b) is normally bordant to a rational homotopy

equivalence.

ExXAMPLE 2.4.2. [R] In the case that X is simply-connected,

L(Q) = 26D ZodPD Zs m=0 (mod4)

0 otherwise

2.5. Homotopy cartesian and cocartesian squares involving localization maps

In the proof of the rational surgery existence theorem, we will use the following lemma.

LEMMA 2.5.1. [TW, Lemma 6.1] Consider the square of connected CW complezxes

AT . p
h k
Ao B
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Suppose that g induces an isomorphism on w1 and the vertical maps are localizations. Then
if the square is a homotopy cartesian square, it is a homotopy cocartesian square. If we

further suppose m A =1, the converse holds.
PROOF. (=): Suppose the square above is a homotopy cartesian square. Let F' denote
the homotopy fibre of A and k. There is a homology spectral sequence with
Hy(B(oy, Aoy; Hq(F)) = Hp1q(B, A)

It is clear that H,(F) are torsion and H. «(B(0); A(0)) are Q-vector spaces, so the Fa-stage is
like:

Q-vector space

All the differentials vanish. We have Fy = E, and so H.(B, A) = H. (B, Aq)). By
the Whitehead Theorem, the homotopy cofibres Cy and C, are weak homotopy equivalent,

which implies that the square is a homotopy cocartesian square.

(«<=): Suppose the square is a homotopy cocartesian square and m1 A = 0. Then the
mapping cones C} and Cj, are homotopy equivalent. For the fibration sequence Fy — A —
Aoy, it is clear that pr(A(O);ﬁq(FA)) = 0 for all p,gq. And since m A = 0, we have the
Serre exact sequence on homology, so F4 — A — A(q) is also a cofibration sequence. Then

we have the Puppe sequence:
Fy—A— Agy = XFa = XA = YA — -

where every 2 consecutive maps in the sequence form a cofibration sequence up to homotopy.
So A — Ag) — XFQ4 is also a cofibration sequence. Then we have XFy ~ C}, ~yeqr, Ck =~
SFp. Then by the fact that H, (XX) = H,(X), we have H,(F4) = H,(Fg), and by
the Whitehead theorem, Fy and Fp are weak homotopy equivalent. So the square is a

homotopy cartesian square. [l



CHAPTER 3

Simply-connected rational surgery

3.1. Sullivan’s Theorem

In [S1, Theorem 13.2], Sullivan stated a theorem on realizing a given rational homotopy
type by constructing a closed manifold using surgery theory, followed by a sketch of the

proof. Here we restate and prove it carefully.

THEOREM 3.1.1. Let X be ann = 4k dimensional simply-connected, Q-local, Q-Poincaré
complex. There exists a simply-connected smooth closed 4k dimensional manifold M, and
a Q-homotopy equivalence f: M — X if and only if:

Case 1: signature o(X) =0

There exists cohomology classes p; € H*(X;Q),1 < i < k and a fundamental class
we Hy(X;Q) =2 Q such that:

(i) Li(p1, ..., o) = 0 € H¥(X;Q)

(ii) The symmetric bilinear form H?*(X;Q) x H**(X;Q) — Q defined as (- U -, p) is

isomorphic to m(1) & m(—1).

Case 2: signature o(X) # 0

There exists cohomology classes p; € H¥(X;Q),1 < i < k, and a fundamental class
€ Hyp(X;Q) = Q such that

(1) (Lr(p1,- - o)y ) = 0(X)

(i) The symmetric bilinear form H?*(X;Q) x H*(X;Q) — Q defined as (- U -, p) is
isomorphic to m(1) @ n(—1)

(iii) There exists a closed smooth 4k dimensional manifold N such that

(pr(Tn), [N]) = (pr, 1)
16
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for all partitions I of k.

If the choice of cohomology classes p; and fundamental class p satisfy all the above
conditions ((i) and (ii) in case 1; (i),(ii)and (iii) in case 2), surgery theory will construct
a Q-homotopy equivalence f : M — X which satisfies f*p; = pi(Tar), where pi(Tar) are
the Pontryagin classes of the tangent bundle of M, and in case 2, the Pontryagin numbers

pr[M] = (pr, ) for all partitions I of k.

PROOF. (=): Suppose there exists a simply-connected closed 4k dimensional manifold
M, and a Q-homotopy equivalence f : M — X. Then the induced map on the cohomology
rings f* : H*(X;Q) = H*(M;Q) is aisomorphism. Let p; € H*(X;Q) be the cohomology

classes such that f*p; = pi(Tar), 1 <i < k, then:

(Li(p1y--spk), [ [M]) = (Li(fpr,- -, fpr), [M])

= (Li(pr(tm), - -, pr(Tan)), [M])

For the case o(X) # 0, let u = f.[M].

For (ii) in both cases, the intersection form on H?¥(X;Q) with respect to the funda-
mental class fi[M] is isomorphic to the rational intersection form of M, which is the image
of a nonsingular symmetric form over Z. By the Witt Cancelation Theorem and the fact
that the image of the Witt ring W(Z) in W(Q) consists exactly of classes of the form
m(1l) ®n{—1) over Q, (ii) is satisfied.

For (iii) in Case 2 , just let N = M.

(«<=): We will prove that under the hypothesis, there exists a rational degree 1 normal
map such that the surgery obstruction vanishes. The proof will be carried out in §3.2 and

§3.3.
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3.2. Rational degree 1 normal maps

We will first prove that given any set of cohomology classes p; € H*(X;Q) for 1 <
i < k, one can construct a nonzero degree rational normal map pulling back the p;’s to
the Pontryagin classes of the manifold. And this is sufficient to give the desired normal
map in the case that o(X) = 0. For the case when o(X) # 0, we prove that by adding
the hypothesis condition (iii), one can construct a rational degree 1 normal map that maps
the fundamental class of the candidate manifold to a specific fundamental class of the local

space that will also work in the surgery obstruction step.

LEMMA 3.2.1. Let X be an n = 4k dimensional simply-connected, Q-local, Q-Poincaré
complex, equipped with cohomology classes p; € H¥(X;Q),1 < i < k. There always exists
a Q-Poincaré complex PB, a localization pr1 : PB — X, and a rational nonzero degree

normal map (g,g) : (M,var) — (PB,&) where f*p; = pi(tar) for f =priog.

vy —>§

|, |

M—2-pB X
\_/
7

PRrROOF. The homotopy classes of maps from a space to the Eilenberg-Maclane space
K(Q,4i) are in 1 — 1 correspondence with the 47 dimensional rational cohomology classes
of the space, so the p;’s define a map p : X M) K (Q,4i) ~ BSO(y). For m >> n,

define p: BSO(m) Z2Po) [ K (Q, 44), where p; € H¥(BSO(m): Q) are such that
(I+pi+. . +pi+.. )A+pi (™) + . +pi(") +..) =1

where 4™ is the universal plane bundle over BSO(m).
Let PB be the homotopy pull-back space of p and p just defined. Let £™ denote the
pullback bundle of 4™ over PB. Then by Theorem 18.3 in [MS] asserting that the Hurewicz

homomorphism of an (m — 1)-connected space is a C-isomorphism up to dimension 2m — 1,
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we have
7Tn+m(T§m) ®Q = Hn+m(T€m) ®Q

H,(PB;Q) (Thom Isomorphism)

12

1

H,(X;Q)

= Q
So one can choose a class a € Ty (T€™) such that the image of o under the above
isomorphisms is nonzero, and perform the Thom-Pontryagin construction. The class « is
represented by a map g : S™" — TE™ of nonzero degree. Deform g so that it is transverse
to the zero-section PB, then define M = g~ '(PB), where g : M — PB is now covered by

the bundle map § : vy = g*¢ — £.

0

We now generalize Lemma 3.2.1, strengthening both the hypothesis and the conclusion
to construct a rational degree 1 normal map such that the fundamental class of M maps to

a specified fundamental class u € H,(X;Q).

LEMMA 3.2.2. Let X be an n = 4k dimensional simply-connected, Q-local, Q-Poincaré
complex, together with cohomology classes p; € H¥*(X;Q),1 < i < k, and a fized funda-
mental class € Hy(X;7Z) = Q. Suppose there exists a closed 4k dimensional manifold N
such that

(pr(mw), [N]) = (pr1, 1)
for all partitions I of k, then there exists a rational degree 1 normal map (g,§) : (M,vyr) —
(PB,&) where pri : PB — X is a localization and for f = priog: M — X, we have
[« M] = p and f*(p;) = pi(Tm).
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PrOOF. With the additional hypothesis condition (iii) in Theorem 3.1.1, we will prove
that there exists a “correct” class a € T4 (T¢™) such that if we perform Thom-Pontryagin
construction using «, the corresponding normal map would satisfy fi[M] = p. We will first
construct a three-level commutative diagram.

Condition (iii) says, there exists a closed manifold N such that for all partitions I of k

(p1(7n), [N]) = (pr, 1) = (B, D5 ' (p<i))

which implies (p;(v), [N]) = (p1(7"™), Py ' (p«p)). Since H*(BSO;Q) = Q[p1,p2,---] and
H,(BSO(m); Q) = Hom(H"(BSO(m);Q),Q), these congruences imply that p; ! (p.u) lies
in the image of the manifold N under the homomorphism v : Q;?O — H,(BSO;Q) defined

by v(M) = var[M] where vy is the classifying map for the normal bundle of M:
VM —— 7
M —"- BSO
Note that v can also be interpreted as the map v in the following diagram:

~ 1 h .
Q;?O & limyy 00 Tt (TY™) —— limy, 00 Hppm (TY™; Z)

: |

\
H,(BS0; Q) . H,(BSO; Z)

Vx

Then since P, '(p«i) € Im v, there exists a class 8 € 7 im(TY™) such that v(8) =
ix(h(B) NU) =P (pepp) € Ho(BSO; Q).

Let SES)_ ! 5 vx = X be the rational Spivak normal fibration of the Q-Poincaré complex
X. Let vx = p*(S’y?g)), where Sgg;l = S — BSO(m) ) is the localization of the
fibre bundle S™~! — S4™ — BSO(m). As mentioned in Remark 2.1, since BSG g is
contractible, vx is fibre homotopy equivalent to vx. So there exists a class cx € T4 (TVx),
such that under the Hurewicz and Thom map, cx is mapped to u € H,(X;Z) = Q.

Then we have the following main diagram, which include three squares in the level of
base spaces, spherical fibrations and Thom spaces respectively. It is easy to check that each

vertical map is a localization map.
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Sm—l Sm—l

SEm S~

N /

pr2

PB BSO(m)

AN e

-]

Tox ~ TE = Ty

3

©
X - BSO(m) ) BSGo) ~ *
Px ~ SE, e
Sm71 Smfl

(0) (0)

FIGURE 1. Main Diagram

To prove the existence of a “correct” class & € 7y, (T€™) that gives the desired rational

degree 1 normal map in Lemma 3.2.2, we will prove the following property of the diagram:

LEMMA 3.2.3. The inner-most square of Thom spaces in the above diagram is a homo-

topy cartesian square.

PROOF. To prove this lemma, we will use Lemma 2.5.1 in both directions. We will also

need the following easy lemma.
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LEMMA 3.2.4. Consider the diagram of CW complexes:

Al

Cl

I B
<,
A B
N
Ar Lo g
% Y , Vi k K
ol g D"
SN
C D
AN

D/

22

Suppose that the outer-most square and middle square are homotopy cocartesian squares,

and the four diagonals are cofibration sequences. Then the inner-most square is a homotopy

cocartesian square.

PRrROOF. The proof follows from the following diagram of homology exact sequences of

cofibrations. By the homotopy cocartesian square assumption, we have H,C; = H,C, and

H*Cf/ o H*Cg,7 then the five lemma implies H*Cf// ~ H*Cg//. Thus the inner-most square

is a homotopy cocartesian square.

H.(

/

Cl/) N H*(

= H,1(A") -

/

H.(A') — H.(B') — H.(Cy)

H,(C") —= H(D') — > H,(C,)

e H, 4(C) —

/!

«—1(D') —

/
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0

Now we get back to the proof of Lemma 3.2.3 asserting that the inner-most square of
Thom spaces in the main diagram is a homotopy cartesian square. The middle square of base
space and the outer-most square of spherical fibrations in the main diagram are homotopy
cartesian squares by construction. By Lemma 2.5.1, they are homotopy cocartesian squares.
Notice that for a spherical bundle v over a space X, v — X — T is a cofibration sequence,
so by Lemma 3.2.4, the inner-most square of Thom space is a homotopy cocartesian square.
Since the Thom spaces are simply-connected, we can then apply the other direction of 2.5.1,
so this square of Thom space is a homotopy cartesian square. This completes the proof of

Lemma 3.2.3. O

Back to the proof of Lemma 3.2.2 asserting the existence of the desired rational degree
1 normal map. In the following diagram, the homotopy group of the Thom space maps to

the homology of the base space through Hurewicz and Thom maps:

T,

PT2 %

7Tn+m(T§m) 7Tn+m(T’ym)

N ~

H,(PB) = H,(BSO(m))

Tpri, l Pri l Py Tp,

H,(X) % H,(BSO(m) o))

LN

*

Tnam(TVX) Tn+m (T’YZSL))

We now claim that 8 € m,4m(T7™) and cx € Tm4n(TVx) get mapped to the same ele-
ment in 7Tn+m(T7(g)). Note that the image of 3 and cy, which are p; ! (p.p) € H,(BSO;Z)
and p € Hy(X;7Z) = Q respectively, get mapped to the same element in H,,(BSO(m); Z).

The composite :
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is a isomorphism, since the Hurewicz map is a isomorphism here. Thus the claim is verified.

We haved proved that the inner-most square of Thom spaces in the main digram is a
homotopy cartesian square. Now since  and cx map to the same element, by the Mayer-
Vietoris sequence of the homotopy cartesian square, there exists a class a € w40 (TE™)
such that a gets mapped to cx. So under the Hurewicz and Thom map, o gets mapped
to pri;'u € H,(PB;Z). Using this class a to perform Thom-Pontryagin construction, we
obtain a degree 1 normal map (g,9) : (M,vy) — (PB,&) where g.[M] = pri;'p. Then
f«[M] = for f =pryog: M — X, which completes the proof of Lemma 3.2.2. O

3.3. Surgery obstruction

Given any choice of cohomology classes p; € H*(X;Q), Lemma 3.2.1 constructs a ra-
tional nonzero degree normal map (g,9) : (M,va) — (PB,&). If we specify a choice of
fundamental class u € H,(X;Q) and assume condition (iii) in Theorem 3.1.1, Lemma 3.2.2
constructs a degree 1 normal map such that g.[M] maps to p through the localization
pr1 : PB — X. Now we claim that by conditions (i) and (ii) in Theorem 3.1.1, one can

perform surgery on the normal map to get a rational homotopy equivalence.

Case 1: 0(X) =0

Suppose condition (ii) holds true, i.e. there exists a choice of fundamental class u €
Hy:(X;Q) such that the intersection form on H?*(X;Q) with respect to p is isomorphic
to m(1) & m(—1). Since o(X) = 0, the form is hyperbolic with respect to any nonzero
fundamental class of X, which is a rational multiple of p. Then in this case, a rational
nonzero degree normal map constructed by Lemma 3.2.1 is sufficient. Since pry : PB — X

is a rational homotopy equivalence, the symmetric form on H?¥(PB;Q) with respect to
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g9«[M] € H,(PB;Z) is also hyperbolic. By condition (i),

0= (Li(p1,---.pk)s fx[M]) = (Le(f"p1s---, fpr), [M])
= <Lk(p1(TM)v"'7pk(TM))7[M]>
= o(M)

which implies that the symmetric form on H?*(M, Q) is hyperbolic too. Thus the surgery

obstruction vanishes.

Case 2: 0(X) #0

In this case, we use the candidate degree 1 normal map constructed in Lemma 3.2.2,
which has the desired property that f.[M] = u. Condition (ii) guaranteed that the in-
tersection form (H?*(X,Q), ) is contained in the image of the map W (Z) — W(Q). In
terms of the L-group, condition (ii) guaranteed that the intersection form (H?*(X,Q), \)
has a vanishing Zy and Z4 summands in L4;(Q), so the isomorphism class of the form is
solely determined by its signature. By condition (i), we have o(M) = o(X). So the forms
(H?*(M,Q),\) and (H?*(X,Q),\) are stably isomorphic, hence the surgery obstruction

vanishes. OJ

In dimensions n # 0 (mod 4), we have the following version of the realization theorem.

COROLLARY 3.3.1. Forn # 0 (mod 4), let X be an n dimensional simply-connected, Q-
local, Q-Poincaré complex. There always exists an n-dimensional simply-connected smooth
closed manifold M which realizes the rational homotopy type of X. From any choice of co-
homology classes p; € H¥(X; Q), surgery theory constructs a rational homotopy equivalence

f:M — X such that f*p; = pi(Tar)

PRrOOF. First notice that when n # 0 (mod 4), L,(Q) = 0, so the surgery obstruction
always vanishes. Then the rational nonzero degree normal map (g, ) : (M,va) — (PB,§)
constructed in Lemma 3.2.1 is sufficient to give a rational homotopy equivalence f = priog :

M — X such that f*p; = pi(Tar).
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3.4. Rational homotopy CP?"

By the rational surgery existence theorem, given any simply-connected Q-local, Q-
Poincaré complex X, we can find all the possible Pontryagin numbers of closed smooth
manifolds that are rational homotopy equivalent to X. As an application, we will study
closed smooth manifolds which are rational homotopy equivalent to CP?" in terms of their
Pontryagin numbers, and compare with the possible Pontryagin numbers of manifolds that
are homotopy equivalent to CP?".

We first construct the localization space (CIP’%SL) as in Example 1.2.9. Theorem 3.1.1
states that for any choice of cohomology classes p; € H*(CP?"; Q) and a fundamental class
e H4n(C]P’%6‘); Q) = Q which satisfy:

(1) (Ln(p1,p2,--+ s pn),p) = £1

(ii) The intersection form A : H?>"(CP?"; Q) x H?**(CP?";Q) — Q with respect to yu is
isomorphic to a form m(1) ® n(—1) with m and n integers.

(iii) There exists a closed 4n dimensional manifold N such that (p;(7n), [N] = (pr1, 1)
for all partitions I of n.

Surgery theory will construct a smooth closed manifold M rational homotopy equivalent

to CP?" with Pontryagin numbers p;(7a7)[M] = (pr, 1.

3.4.1. Rational homotopy CP*.  Let a be a generator in H?(CP* Z) such that
(a2, [CPY)) = 1. Condition (ii) requires a generator go® € H*(CP* Q) and a choice of fun-
damental class p = p [CP?] for some rational numbers p, ¢, such that (ga? U ga?, p[CP?]) =
¢*p = £1, which means p = :l:q%. So without loss of generality, we assume p = 4p?[CP?]

for some rational number p.

Since the smooth oriented cobordism group Q5° 2 (CP? x CP?) @ (CP*), for any smooth

closed 8-dimensional manifold N, there exists k,[ € Z such that

p3[N] = kp?[CP? x CP?] + Ip?[CP*] = 18k + 251
p2[N] = kpa[CP? x CP?] 4 Ips[CP*Y) = 9k + 101
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Then condition (iii) requires the existence of p1,py € H*(CP* Q) and p € Hg(CP*, Q)

such that
5| (p?, 1) — 2(p2, 1)
9| 2(pf, ) — 5(p2, 1)
(pi,m) €2
(p2, 1) €Z
We can write p; = aa?® for some nonzero rational number a, then p% = a’a? €

HS8(CP* Q), and py = ba* for some nonzero rational number b. Then (py1,u) = +a?p?,
(pa, p) = £bp?. Now let 2 = a’p?, y = bp?, then conditions (i),(ii), and (iii) together
requires the existence of integers x and y such that:

(La(pr,p2), 1) = 45(Ty — %) = +1

5| 2% -2y

9 | 22% — 5y
which has infinitely many solutions. Note that the solutions (z2,y) to the above system
of diophantine equations are exactly all possible Pontryagin numbers (p11[M], p2[M]) for
a smooth closed manifold that is rational homotopy equivalent to CP*. Since Pontryagin
numbers are homeomorphism invariants, these manifolds fall into infinitely many homeo-

morphism types.

REMARK 3.4.1. In the CP* case, the signature condition and the integrality of the
Pontryagin numbers ensure the congruence relations, i.e. condition (iii) is automatically true
by conditions (i) and (ii). This happens in dimension 8 essentially because the characteristic
numbers s11[CP? x CP?] and s5[CP*] are coprime. In the case of CP?", for n > 2, we do

not have such simplification.

3.4.2. Rational homotopy CP°®. For CPS, to satisfy condition (ii), we again assume

p = £p?[CPY] for some rational number p. We can write p; = aa?, py = ba* and p3 = ca®

3a6; , P1P2 = aba6, and we have <p‘;’7 M> = ia3p2,

for rational numbers a, b and ¢, then pi)’ =a
(p1p2, i) = Fabp? and (p3, u) = +cp?. To find all possible p;[M] for M a rational homotopy

CP’, we can assume p = 1, then conditions (i),(ii) and (iii) together require the existence
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of integers a,b and ¢ such that:

(

(L3(p1,p2,p3), 1) = ﬁ(62a3 —13ab + 2¢) = +1
27 | 7a® — 23ab + 28¢

15 | —6a® + 19ab — 21c

7] a®—3ab+ 3c

In this CP® case, the signature condition (i) would not guarantee condition (iii). In
dimension 12, the characteristic numbers s;11[CP? x CP? x CP?], s15[CP? x CP?] and

53[CPY] are not coprime.

3.4.3. Comparison between rational homotopy and homotopy CP*. One can
determine the set of Pontryagin numbers for manifolds that are rational homotopy equiv-
alent but not homotopy equivalent to the complex projective space. We will need the
following concept of splitting invariant and a theorem relating them with the Pontryagin

classes.

DEFINITION 3.4.2. [S3][L1]Let h : M?* — CP" be a degree 1 normal map from a
PL manifold M?" to CP". One can perturb h within its homotopy class so that h is
transverse regular to the submanifold CP* ¢ CP" and N?* = h~!(CP*) is a PL manifold

fork=1,...,n—1. Let

0 (N?* — CP*) € Lok(Z)

be the surgery obstruction to make h|y2r normally bordant to a homotopy equivalence.

Then the splitting invariant is defined to be
Uk(h) = 9k c Lgk(Z)
fork=1,...,n
REMARK 3.4.3. [S3][L1] The normal structure set Npr(CP") = [CP", G/PL] is isomor-

phic to [[;_y Log(Z), and the PL surgery problems with range CP" is determined by the

splitting invariants (o9, 03, ..., 0,). Furthermore all such invariants are realizable.
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Let h : M?™ — CP"™ be a homotopy equivalence from a PL manifold M?" to CP" with
splitting invariants (02,03, ...,0,) where o, = 0. In [L1], Robert D. Little proved the

following theorem

THEOREM 3.4.4. [L1, Theorem 3.1] With the above hypothesis, there exist universal
polynomials a; in Q[z1, 2, ..., x;], i >0, such that ag = 1, a;(0,0,...,0) =0, > 1, and if

1< < [%n], the rational Pontryagin classes

i

n —k % 9
pi(M7) =" < o > ap (02,04, ..., 00 y*

i—k
k=0

where y is a generator in H?(CP™; Q).

In the proof, the author provided a method of computing the polynomials a; in the

above theorem. In particular,

LEMMA 3.4.5. [L1, Lemma 3.4] The first two polynomials a; are given by:

1
a1(o9) = 2409,  ag(og,04) = ?(36004 + 57603 — 43205)

Take CP* for example. Applying the above theorem and lemma, we have the follow-
ing relation between the Pontryagin numbers of any PL manifold M® with a homotopy
equivalence h : M8 — CP* and the splitting invariant oo of h:

pI[M?8] = (2409 + 5)?
p2[M®) = 1(57603 + 24005 + 70)

In [L2, Theorem 1.1}, the author proved that a PL homotopy CP* is smooth if and only
if 09 =0 (mod 14) or 6 (mod 14). Plugging-in these two congruences into the above equa-
tions, the possible Pontryagin numbers (p?,ps) for any smooth manifold that is homotopy

equivalent to CP* are exactly the integers that satisfy

p? = 25 + 3360n + 112896n>
p2 = 10 + 480n + 16128n?

or
p? = 22201 + 100128n + 11289612

p2 = 3178 + 14304n + 16128n?



3. SIMPLY-CONNECTED RATIONAL SURGERY 30

for any integer n.

By our earlier discussion, the possible Pontryagin numbers for a manifold that is rational

homotopy equivalent to CP* are exactly those satisfy the signature condition:

1 2
— —(Tpy — p?) = +1
45(7192 p1)

Comparing the two sets of equations, one can find the Pontryagin numbers that can

(La(p1,p2), 1)

only be realized by a rational homotopy CP* but never a homotopy one. For example,
(p?,p2) = (4,7) is such a pair of numbers.

One can do similar comparison on higher CP*"’s.



CHAPTER 4

Rational analogs of projective planes

There exist four kinds of projective planes, which are the well-known real, complex,
quaternionic and octonionic projective planes. One can prove that there does not exist any

higher dimensional projective planes. i.e.

Fact 4.0.1. For n > 8, there does not exist any simply-connetced 2n dimensional closed

manifold M with
(M. Z) = Z x=0,n,2n;
0 otherwise

This fact is a consequence of the well-known Hopf invariant one theorem. Suppose
there exists such a manifold M?" for n > 8. By [S, Theorem 6.1] and [M2, Theorem 3.5],
there exists a Morse function with the minimal number of critical points which gives a CW
complex X = eVUe™ Ug e?" that is homotopy equivalent to M. This indicates the existence
of a Hopf invariant 1 attaching map ¢ : §**~1 — S™. But the only maps with Hopf invariant
1 are the well known Hopf fibrations S¥~1 < §2k=1 5 Gk for k =1,2,4,8.

Ignoring the torsion, one can ask the existence of any rational analogs of projective

planes in higher dimensions. We will prove the following:

THEOREM 4.0.2. After dimension 2,4,8,and 16, which are the dimension of RP?, CP?,
OP? and HP?, the smallest next dimension where a rational analog of projective plane exists

is 32. i.e. there exist 32 dimensional smooth closed manifolds M such that

. Q x=0,16,32;
H*(M;Q) =
0 otherwise

and such manifolds fall into infinitely many homeomorphism types.

31
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PROOF. First, notice that by the desired intersection form, such manifold only exists
in dimension 4k. So we can use Theorem 3.1.1 to study the existence of such manifold in
dimension 4k for k > 4.

We first construct a 4k dimensional Q-local, Q-Poincaré complex X, such that X has
the desired rational cohomology ring. Consider the following Postnikov tower of rational

principal fibration, let X — K(Q, 2k) be the principal fibration with fiber K(Q, 6k —1) and

. . 3 .
k-invariant i5;, i.e.

K(Q,6k—1) — K(Q,6k — 1)

| |

X *
K(Q,2k) K(Q,6k)

The map L%k : K(Q,2k) — K(Q, 6k) induces a morphism between the spectral sequences

of the two corresponding fibrations:

HP(K(Q,6k); H(K(Q,6k —1); Q) = HP™(x; Q)

6k — 1 Lek—1

L6k
2k 4k 6k
HP(K(Q,2k); HI(K(Q, 6k — 1); Q) = HP™(X;Q)
6k —1 Lek—1
Lok Uy Loy
2k 4k 6k

In the first spectral sequence, the class tg,_1 is killed by a differential d*(i;) = tgr—_1,

which implies that in the second spectral sequence, tg_1 is also killed at the stage. So we
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have:

. Q * =0, 2k, 4k;
H*(X;Q) =
0  otherwise

with signature o(X) = +1 by construction.

Now we can apply Theorem 3.1.1. For k£ > 4, we require a choice of cohomology classes
pi € H¥(X;Q),i = %, k, and a fundamental class p € Hy,(X;Q) = Q such that

() (La(--sprs oo spp), p) = £1

(ii) The symmetric form on H?*(X; Q) with respect to p is isomorphic to m(1) ®n(—1).

(iii) There exists a closed 4k dimensional manifold N such that

{pr(7n), [N]) = (pr, 1)

for all partitions I of k.

When £ is odd, the Pontryagin classes p; is nonzero only when ¢ = k. Then condition
(i) requires:
(L0, -+ ,0,px), p) = §<pk,u) = +1
where g is a fraction with numerator p # +1 (Remark 1.5.8). At the same time, condition
(iii) requires (pg, ) to be an integer. So the two conditions can never be both satisfied.
Thus there does not exist any simply-connected smooth closed manifold as a rational analog

of projective plane in dimension 4k with k& odd. The next candidate dimension is 4k = 24.

We will first make condition (iii) explicit enough for computation. The following Hattori-
Stong theorem says that the integrality conditions from the Riemann-Roch Theorem to-
gether with the integrality of the Pontryagin classes give all the relations on the Pontryagin
numbers of smooth closed manifolds. This would provide us a schematic way to compute

the congruence relations required by condition (iii).

THEOREM 4.0.3. [St2, Theorem 3| The image of the homomorphism

7: Q99 /tor - H,(BSO;Q)
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is a lattice in H,(BSO;Q). It consists exactly the elements x € H,(BSO;Q) such that:
(Zle,e2,-++] - L,z) € Z[3]
(Zlp1(7),p2(7), -], 2) €Z
where e; is the i-th elementary symmetric function of the variables ¢*i + e~ % — 2, and

z; € H*(BSO;Q) are the classes in the formal expression of the total Pontryagin class of
the universal bundle p(y) = II(1 + z?)

The possible Pontryagin numbers p;[M] of any smooth closed manifold are exactly the

numbers (p;(7), x), where x is contained in the image of the homomorphism
7: Q99 /tor - H,(BSO;Q)

So the integrality conditions in the Hattori-Stong theorem provide exactly the congruence
relations required by condition (iii).

In our case, the desired 4k dimensional manifold has possibly nonzero Pontryagin classes
only in dimension 2k and 4k. We rewrite the cohomology clases e; in the above integrality
conditions as expressions involving only the Pontryagin classes Pk and pg, assuming that
all the other Pontryagin classes are zero.

In dimension 24, the nonzero e; classes are

1 1 2 1
€1 = T95P3 + 798336003 — 399168006

_ 1 11 .2 31 _ 1 .2
€2 = —4P3 + Ta09600P3 T GoasooP6>  €1€1 = Taa00P3
1 .2 4 _ 1 2
es = ps3 + 30240P3 — ga5P6, €1€2 = —750P3>
_ 19 _ 1.2 _ 1.2
€4 = 349P6, €1€3 = 155P3, €2€2 = {GP3

_ 1 _ 1.2
€5 = —3P6;, €203 = —yP3

€6 = P6, €363 = p%
For the signature condition (i), we can compute, as in Example 1.5.5, the total L class

up to dimension 24 as a expression involving only p3 and pg:

62 40247 2828954
Lo, ... =14Ls+Lg=1+—p3— 2
(0,+,0.p3,0,,0,p6) = 1+ Ly + Lo = 1+ 57eps = GageiogmePs + Gageiogrs o

Now we are ready to compute the congruence relations required by condition (iii) ex-

plicitly. Plug in the above expressions of the e; classes into the integrality conditions in the
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Hattori-Stong theorem and simplify the coefficients, condition (iii) is equivalent to require a
choice of cohomology classes ps € H'2(X;Q) =2 Q, ps € H**(X;Q) = Q and a fundamental

class u € Hoy(X;Q) such that the following congruence relations hold.

(

(GassiassPh — sossrzershe: M) € L[5
(7os3000P3 — F916800P6: 1) € Z[3]
(120960073 — co1s00P6» 1) € Zl3]
(eousP3 T gisP6: 1) € Z[3]
(tatooP3: 1) € Z[3)
(31076, 1) € Z[3]
(p3, ) € Z
(p6, 1) € Z
Let a be a nonzero element in H'?(X,Q) = Q, we can write p3 = aa, pg = a?a?

and pg = ba? for some nonzero rational number a and b. Let [X] € Hoy(X,Q) = Q be a
fundamental class such that («Uq, [X]) = 1. Condition (ii) requires a choice of fundamental
class p1 € Hoy(X; Q) such that u = £p?[X] for some rational number p. Let x and y be the
integers such that z? = a?p?, y = bp?, then (p3, u) = 22, (ps, ) = +y. Then conditions
(i),(ii) and (iii) together are equivalent to require the existence of integers xz and y such
that:

_ 40247 2 2828954 _
<L6(0a 0,p3,0, Oap6)a /‘) = i(638512875$ - 638512875y) ==+l

155925 | 4364922 — 2y
4725 | — 1982922 + 62y
945 | 198522 — 128y
225 | x?

15 |y

One can compute by hand using quadratic reciprocity or simply use Mathematica to
check that the Diophantine equation from the signature condition (i) has no solution in
this dimension. So there does not exist any 24 dimensional simly-connected smooth closed
manifold such that H*(M;Q) = Q for x = 0,12,24 and zero otherwise. Thus there does

not exist any rational analog of projective plane in dimension 24.
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REMARK 4.0.4. One can still ask if there exist any 24 dimensional piecewise linear or
topological closed manifold which is a rational analog of projective planes. Theorem 3.1.1
still works for the PL or TOP category. And there is a PL version Hattori-Stong theorem
charactering the image of the map 7 : QF'F /tor — H,(BPL;Q), which is discussed in [MM].

Now we go up to the next candidate dimension, which is 32. The only possible nonzero
Pontryagin classes of the desired 32 dimensional manifold are py and pg. Rewriting the
nonzero e; classes in the Hattori-Stong theorem as expressions involving only ps and pg, we

have:

_ 1 1 2 1
€1 = —50a0P4 + 2615348736000P4 — 3076743680008

1 3119 2 5461 1 2
€2 = 36P4 + 135891456000P1 T ZT79a5728000P8:  €1€1 = 35a01600P4

_ 1 19 2 31 1 .2
€3 = —3P4 + 39916800P1 — 2851200080 €162 = ~351600P45

1 2 457 _ 1 .2 _ 1 .2
€4 = P4+ T300600P1 T GoasooPss €163 = Tp1a0P1,  €2€2 = g0l

_ 43 _ 1,2 _ 1 .2
€5 = _2520p87 €164 = —5040]74, €2€3 = _ﬁop47
_ 29 _ 1.2 _ 1.2
€6 = 1goP6s €264 = 7gPy, €3€3 = gPy

_ 2 _ 1.2
€7 = —3P8, €364 = —3P4

2
| €8 =P8, €4€4 =Py

For the signature condition (i), we can compute the total L class up to dimension 32 as an

expression involving only ps and ps:

381 444721, 118518239
141757 1628207831257 " 1628207831258

L(O,...,O,p4,0,...,0,p8) =14+Ls4+Lg =1+

Plug in the above expressions of the e; classes into the integrality conditions in the
Hattori-Stong theorem and simplify the coefficients, condition (iii) requires a choice of co-
homology classes py € H'(X;Q), ps € H3?(X;Q) and a fundamental class p € H32(X;Q)

such that the following congruence relations are satisfied.
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(1-L M) (~ ToosaovagTzs i + TessoreniosPs, H) € Z[3)
(1 L, 1) = (3r30tsm000P4 + T30767a368000 P8 1) € Z[3)
(2 L, 1v) = (50115000074 + arrotsvzsoooPs: M) € Z[3)
(es - L, 11) = (~ 350168004 — 2190098, 1) € Z[3)

(ea - L, ;1) = (1350600P4 + gossoobs: 1) € Zl3]

(erer - L,p) = <mp4aﬂ> € Z[§]

(e5- L '“> (355008, 1) € Z[3]

(pf, 1) €

(ps, ) €

\

Similar as the setup in dimension 24, let x and y be the integers such that (p2, pu) = +22
and (ps, u) = fy. Conditions (i),(ii) and (iii) together require the existence of integers x

and y such that:

(Ls(0,0,0,p1,0,0,0,p8), 1) = £(~ goa0rs3195%" + Toassonsinzsy) = +1
638512875 | 1394764722 + 2y

212837625 | 2929037272 + 10922y

155925 | 35761322 + 434y

4725 | 3251322 4 914y

99225 | 22

315 | y.

One can compute by hand using quadratic reciprocity or simply use Mathematica to
check that the above system of Diophantine equations has infinitely many solutions. For

example,

r = 493965360, y = 915578185531275.

is one pair of solution. Note that distinct solutions of integers x and y correspond to
distinct pairs of Pontryagin numbers of the realizing manifold. Since Pontryagin numbers
are homeomorphism invariants, the resulting 32 dimensional smooth closed manifolds which

are rational analogs of projective planes fall into infinitely many homeomorphism types. [
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REMARK 4.0.5. As another approach to compute the congruence relations satisfied by
the Pontryagin numbers of all the smooth closed manifolds in dimension 4k, we can compute
the Pontryagin numbers of a set of manifolds as a basis of the torsion-free part of the 4k

dimensional oriented cobordism group.

The torsion free part of the oriented cobordism ring is a polynomial ring generated by

a set of smooth closed manifolds in dimension 4k&’s:
039 ftor = Z[M*, M8, .. ]

where the generator M can be taken to be any manifold satisfying the following charac-

teristic number property [St1]:

+q if 2k + 1 is a power of the prime g;
se(p1s- - pr) [MY] =
+1 if 2k + 1 is not a prime power

Pontryagin numbers are oriented cobordism invariants. If we obtain the Pontryagin
numbers of a set of manifolds which is a basis of Q5 /tor, condition (iii) can be rewritten
explicitly as a set of congruence relations. Since sx[CP?*] = 2k + 1, in many of the 4k
dimensions (when 2k + 1 = ¢ with ¢ a prime), CP? qualifies as a generator. For example,

in dimension 8,
039 = (CP? x CP?) @ (CP*)

For any smooth closed 8-dimensional manifold N, each Pontryagin number of N is a

linear combination of the corresponding Pontryagin number of CP? x CP? and CP?, i.e.

p11[N] = kp1 1[CP? x CP?] 4 ¢p; 1[CPY] = 18k + 25¢

p2[N] = kpa[CP? x CP?] 4 £po[CP*] = 9k + 10¢

with k,¢ € Z. So in this dimension, condition (iii) in Theorem 3.1.1 requires a choice of

p1,p2 € H*(X,Q) and p € Hg(X(O); Q) such that the following congruence relations hold:
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51 (p1,1, 1) — 2(p2, 1)
9| 2(p1,1, 1) — 5(p2, 1)
(p11,1) €Z

(p2, ) €Z

In dimensions such as 4k = 16 and 4k = 28, CP? does not satisfy the characteristic
number property, so the complex projective plane does not qualify as a generator in these
dimensions. In fact, the disjoint union of CP?* and certain complex hypersurfaces can be

taken as the generator in these dimensions .

LEMMA 4.0.6. [M1, Part 4] If m,n > 1, then for Hp  as hypersurface of degree (1,1)

in CP™ x CP"
(m +n)!
m!n!

sak(c) [Hm,n] = -

where sok(c) is the sox characteristic number of the Chern classes.
We also have the following lemma relating the Chern classes and the Pontryagin classes:

LEMMA 4.0.7. [MS, Problem 16-C] If 2iq, ..., 2i, is a partition of 2k into even integers,
the 4k-dimensional characteristic class sa;, ... 2i, (c(w)) of a complex vector bundle w is equal

to the characteristic class s;, .. ;. (p(wr)) of its underlying real vector bundle. In particular,
sak(c(w)) = sk(p(wr))

Then for fixed 2k + 1 = m + n, one can compute the desired characteristic number of

all the complex hypersurfaces H, p:

1) o] = =R () = ()

2k +1

On the other hand, the greatest common divisor of the numbers <
m

> for1<m<k
is 1 when 2k +1 is not a prime power [M1, Part 4]. So for each 4k dimension, we can choose
the generator of the cobordism ring to be a disjoint union of certain complex hypersurfaces

(possibly including CP?*) so that it has the desired s; number.
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For example, in dimension 4k = 16
s4(p)[9CP® + Hz 6] = —3
and in dimension 4k = 28
s7(p)[—85CP' — 16H512 + 2Hs5.10] = —1

After we obtain the generating manifolds of the cobordism ring in each candidate dimen-
sion 4k, we will need to compute all the Pontryagin numbers p; for a set of basis manifolds

to get the congruence relations in the candidate dimension. This is a huge computation.



CHAPTER 5

Non-simply-connected rational surgery

We prove the rational surgery existence theorem in the case where the fundamental
group of the starting local space is a finite group. We apply this theorem to study the

realization problems for certain family of rational cohomology algebras.

5.1. Existence theorem

THEOREM 5.1.1. Given an n = 4k dimensional, Q-local, Q-Poincaré complex X, with
m1(X) = 7 a finite group and trivial orientation character w, there exists a smooth closed
4k dimensional manifold M, and a Q-homotopy equivalence f : M — X such that f*p; =
pi(Tar) if and only if:

Case 1: The signature o(X) =0

There exists cohomology classes p; € H¥(X;Q),1 < i < k and a fundamental class
w € Hy(X;Q) such that:

(i) Li(p1, ..., pr) = 0 € H*(X;Q)

(ii) The intersection form H2*(X;Q) x H2*(X;Q) — Q defined as (- U-, 7op1) admits an
m-invariant lagrangian, where T, : Ho (X;Q) — H*()N(;Q) s the homology transfer homo-
morphism.

(iii) Vg € m(X) — {e},
> (=1 (tr(ge - Hi(X;Q) = H;(X;Q))) =0

Case 2: The signature o(X) # 0
There exists cohomology classes p; € H¥*(X;Q),1 < i < k, and a fundamental class
w€ Hy(X;Q) =2 Q such that

(1) (L(p1s---spr)s ) = o(X)
41
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(i) For the intersection form X : H**(X:Q) x H*(X;Q) — Q defined as (- U -, 7w 1)

is the homology transfer homomorphism, (H2*(X;Q),\) ® o(X)(—1) admits an invariant
lagrangian, where the form (—1) : Qm x Qm — Q is defined as (a,b) — —tr.(ba).

(iii) There exists a closed smooth 4k dimensional manifold N such that

(pr(tn), [N]) = (pr, 1)

for all partitions I of k.
(ilii) Vg € m(X) — e,
> (=) (tr(ge - Hi(X;Q) = Hi(X;Q))) =0
If the choice of cohomology classes p; and fundamental class p satisfy all the above
conditions ((i), (ii) and (iii) in case 1; (i),(ii), (iii) and (iiii) in case 2), surgery theory
will construct a Q-homotopy equivalence f : M — X which satisfies f*p; = pi(Tar), where

pi(Tar) are the Pontryagin classes of the tangent bundle of M, and in case 2, the Pontryagin

numbers pr[M] = (pr, u) for all partitions I of k.

PROOF. (=) Assuming there exists a smooth closed manifold M realizing the rational
homotopy type of X, one can check that conditions (i),(ii) and (iii) hold true. By Lemma
type of a finite CW complex.

(=)

5.1.1. Rational degree 1 normal map. The proof of the existence of rational degree

1 normal map is similar to the simply-connected case. But instead we begin with the map
pxu:X — BSO(m)) x Br

where v : X — Br is the classifying map for the universal cover X. And we obtain the
following diagram similar to the one in the simply-connected case.

If we are in the case that o(X) = 0, a nonzero degree normal map is enough. Similar
to the simply-connected case, we can find a class a € 7,1 (TE¢™) which maps to a nonzero
class in H,(X;Q). So we can perform the Thom-Pontryagin construction to get a nonzero

degree normal map.
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UM & ol Lxe
M —2~ PB -2+ BSO(m) x Br

P §

X . BSO(m)q) x Br
In the case of o(X) # 0, condition (iii) guarantees the existence of a rational degree 1
normal map. The proof is similar to the simply-connected case.

There exists a closed manifold N such that for all partitions I of k
(p1(7w), [N]) = (pr, 1) = (51, 5= (0 X w)sps)
which implies (p;(vn), [N]) = (pr(y™), P; 1 ((p x u)«p)). Now since we assumed 7 is finite,
H*(BSO x Bm;Q) = H*(BSO; Q) = Q[p1,p2, - -]

Then since Hy,(BSO(m) x Bm; Q) = Hom(H"(BSO(m) x Br; Q), Q), the condition implies

that p; '((p X u).pu) lies in the image of the homomorphism
v: Q39 (Br) — H,(BSO x Br;Q)

where for (M, f:M — Br)e Q39 (Br), v(M) = (vy x f),[M] where vy is the classifying
map for the normal bundle of M. Here € is the trivial 1-bundle over Br.

Uy ———> Y X €

M 2L BSO x Br

Since T'(y x €) =Ty ANTe=Tv AN SBm

07°(Br) = lim Ty (T9™ A Brry)

m

I

lim 7,4 (STY™ 1 A Bry)
oo

m—

lim 7, (TY™ 1 A SBry)
m—r0o0

Hm T (T(7™ ! % €))
m—r0o0

I

I
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Hence v can also be interpreted as the map v in the following diagram:

o _ Ao _
Q39(Br) 2 limy, oo Trnam(T(Y™ 7 X €)) ——= limyy 00 Hyim (T(Y™ ! X €); Z)

’ |

v
H,(BSO x Br;Q) H,(BSO x Bm;Z)

Now since p; ' ((p x u)sp) € Im v, there exists a class 3 € T 1m(T(7¥™ ! x €)) such that
v(B) = is(h(B)NU) =5, ((p x u)sp) € Hy(BSO x B Z).

Similar to the simply-connected case, we can use Lemma 5.1 and Lemma 1.4 to prove

that the square of Thom spaces in the following diagram is a homotopy cartesian square.

sgm S(y™ xe)

N\ —

PB o BSO(m) x Br

N\ —

TE™ T (v x ¢)

pri l l pxId

Tvx —T(yg " * €)

/ T

X e BSO(m) q) x Br

|/ S

vx S(’yz’g)_l X €)

We can prove that there exists a class a € 4 (T€") such that o gets mapped to
pri;'u € H,(PB;Z) under the Hurewicz and Thom map. Using this class o to perform
Thom-Pontryagin construction, we get a rational degree 1 normal map (g,9g) : (M,vyr) —

(PB,¢) where g.[M] = pri; 'y, and then f,[M]=pfor f=priog: M — X.
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5.1.2. Surgery obstruction. For the surgery obstruction part in the non-simply-
connected case, we need the following theorem relating the signature of a manifold to its

rational equivariant intersection form.

THEOREM 5.1.2. [D, Theorem A] Let M?* be a free (G,w)-manifold. Then the inter-
section form on H*(M,Q) has an invariant Lagrangian if

(a) w=1 and o(M/G) =0, or

(b) w# 1 and x(M/G) is even.

In the case 0(X) = 0, condition (i) in Theorem 5.1.1 implies 0(M) = o(X) = 0. Then
we apply Theorem 5.1.2 to the universal cover M , so the intersection form on H 2’“(]\? ,Q)
admits a Lagrangian. By condition (ii) in the main theorem, the intersection form on
H?k ()~( ,Q) also admits a Lagrangian, so the rational intersection form on M and X are
isomorphic. Hence the surgery obstruction vanishes.

In the case o(X)=m # 0, condition (i) in Theorem 5.1.1 implies o(M) = m. Then we
have U(M#m@) = 0. By Theorem 5.1.2, the intersection form (sz(M, Q),A) & m(—1)
admits a Lagrangian. By condition (i) in Theorem 5.1.1, (H2*(X,Q),\) ® m(—1) also
admits a Lagrangian. Then by Witt cancelation, the rational intersection form on M and

X are isomorphic. Hence the surgery obstruction vanishes.

In the case that o(X) # 0, condition (ii) on the equivariant form can be verified directly

using the G-signature Theorem.

THEOREM 5.1.3. [AS, Atiyah-Singer G-signature Theorem| Let M be a closed oriented

manifold of dimension 4k with a G-action. The intersection form
A H*(M;R) x H*(M;R) — R
is a nonsingular G-invariant bilinear form.There exists a G-invariant decomposition

H*(M;R) =V, ®V_
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where V. (V_) are the G-invariant positive (negative) definite subspaces of the symmetric

bilinear form X. The G-signature is defined to be
o(M) = [Vi] = [V-] € Ko(RG)

If the G-action is free, og(M) = 0.

EXAMPLE 5.1.4. When G = Zy = (t),

QZo] = Q4 x Q-
Let
A HR(X;Q)e x H¥(X;Q)2 —» Q
be the restriction of the intersection form A on the two invariant subspaces respectively.
Then condition (ii) in Theorem 5.1.1 is equivalent to requiring that

(a) Each of the intersection forms Ay and A_ is isomorphic to m(1) & n(—1).

(b) The G-signature

07,(X) = signature(A,)[Q4] + signature(A4)[Q_] = 0 € Ko(Q[Zs])

5.2. Applications

The non-simply-connected version of the rational surgery existence theorem can be used
to study the following realization question:

Given a Q-Poincaré duality algebra A* and a G-action on A*, does there exist a closed
smooth manifold M with w1 (M) = G and H*(M, Q) = A*? This is equivalent to asking if
there exist a free G-action on a smooth closed manifold whose cohomology ring realizes the
given algebra with the action?

For G finite with the action preserving the orientation, we can apply Theorem 5.1.1 to
answer the above question as follows:

Step 1: Construct a simply-connected Q-local, Q-Poincaré complex Y with the specified

G-action on its cohomology ring H*(Y;Q) = A*.
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Step 2: Let the starting local space X in Theorem 5.1.1 be the homotopy orbit space of
Y,ie. X =(EG xY)/G. Then X is a Q-local, Q-Poincaré complex with m(X) = G and
G acts freely on X with H*(X;Q) 2 A*,

Step & Check the conditions in Theorem 5.1.1.

REMARK 5.2.1. It is possible that an algebra A* can be realized by more than one ra-
tional homotopy type. There is a special family of simply-connected commutative graded
algebras, called intrinsically formal algebras, which can be realized by exactly one ra-
tional homotopy type [FH], i.e. if a simply-connected commutative graded algebra A*
is intrinsically formal, then for any two simply-connected spaces X and Y such that

H*(X;Q) = H*(Y;Q) 2 A*, X and Y are rational homotopy equivalent to each other.

We will study the realization question on a special family of rational Poincaré duality

algebras (Q-PDA), which are called homogeneous artinian complete intersections.

DEFINITION 5.2.2. A homogeneous artinian complete intersection A is a commutative

graded QQ-algebra of the form

A= Q[xl,xg, c. {L’n]/z

where the variables x; have positive even degree |z;|, and the ideal Z is generated by the

regular sequence
1= (flana"'afn)

where f; are homogeneous polynomials of degree |f;| = 2d;. Such a algebra A* is a 1-

connected rational Poincaré duality algebra [FH], and it has formal dimension
n
m =3 (i~ lail)
=1

DEFINITION 5.2.3. Here a sequence f1, fo,..., f, is called a reqular sequence if for each

i=1,2,...,n, f; is not a zero divisor in Q[z1, z2,...,z,]/(f1,.-., fi—1)

ExXAMPLE 5.2.4.

A* = Qlz,y]/(2* + y*, %)
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with |z| = 2; |y| = 2 is a Q-Poincaré duality algebra of formal dimension

m=4—-24+8-2=28

REMARK 5.2.5. [FH] Let A(V) be a free, graded commutative algebra over a graded
Q vector space V, i.e. a tensor product of exterior algebra on odd generators and the
polynomial algebra on even generators. Let Z be an ideal generated by a regular sequence.

Then any algebra of the form
A(V)/T

is intrinsically formal. In particular, any homogeneous artinian complete intersection A* is
intrinsically formal. So once we construct a local space Y whose rational cohomology ring

realizes A*, Y also carries the unique rational homotopy data.

In [PL], the authors studied the homogeneous artinian complete intersections of formal
dimension 8. They classified such 8 dimensional Q-PDAs into 5 different cases in terms of

different sets of | f;| values (with all the possible values of the signature specified)

(Is) (Lfal Lol sl [ fal) = (4,4, 4,4);|0] = 0,2, 4,6
(I1s) (LAl 1Sl [f3]) = (4,4,6); |o] = 0,2, 4
(I1Is) (], [f2]) = (4,8);]0] = 0,2
IVg)  (fil;[f2]) = (6,6);lo] = 1,3
(Vs) (If1D) = (10); || =1
and proved that in each of the cases, all the possible signature values can be realized by
smooth closed manifolds, i.e. for each case above and each possible signtaure value o, there

exists a smooth closed manifold M such that H*(M;Q) = A* where A* belongs to the case
and o(M) = o.

We will now study the realization question in the non-simply-connected case. In partic-

ular, we study the question addressed at the beginning of the section for Q-PDAs belonging
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to the case (I11g) above, i.e. of the form

A* = Qlx,y]/(f1, f2)

with |z| = |y| = 2 and | f1]| =4, |f2| = 8. We will find all the possible finite G-actions on A*
such that there exists a free G-action on a smooth closed manifold whose cohomology ring
realizes A* with the specified action. As mentioned at the beginning of this section, this is
equivalent to asking for the existence of smooth closed manifold M such that 71 (M) = G
and H *(]\7 ;Q) = A*. This is a question that can be studied using the non-simply-connected

rational surgery existence theorem (Theorem 5.1.1).

One can check by direct computation that any Q-PDA of the form (/1I3g) falls into one
of the following three different cases up to algebra isomorphism:
(i)  fi=ay fo=ka'—y* (k#0)
(@)  fi=9" fo=2a"
(iii)  fir=kat—y* fo=at or fo=tlat -3y (k#0)
For each case, we will first check all the possible actions of finite groups on A* such that
the Lefschetz fixed point condition is satisfied. This determines the candidate finite groups

G and the G-action on A*. Then we follow the three steps mentioned at the beginning of

the section.

Case (i): A" = Qlx,y]/(xy, kz* — y*) with k # 0.
First notice that when k = £1 (mod Q*?), A* is isomorphic to
H*(CP'#CP% Q) = Qlz,y]/(vy,a* —y*) or
H*(CP'4CP5Q) = Qlr,y)/(zy, 2" +y)

For any g of finite order that acts on A* with g = <a Z) on A% = Qz @ Qy
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which implies that

g= <:t1 0 ) when k ;é 41 (mod Q*4)

0o -1
(1 o 0 +1 0o 1 _ wd
g—<0 _1>,<i1 0) or <_1 0) when k=41 (mod Q*%)
Moreover, if we require the Lefschetz fixed point condition, the only possible nontrivial

finite action with Lefschetz number zero is

= (1)

So G = Zo, generated by g = (01 01), is the only finite group that could possibly act
freely on a manifold whose cohomology ring realizes such A*.

Then we construct a simply-connected Q-local, Q-Poincaré complex Y by a three-stage
Postnikov tower, realizing the desired cohomology ring A*. First let 7 — K(Q,2) x
K(Q,2) be the principal fibration with fiber K(Q, 3) and k-invariant ¢, € H*(K(Q,2) x
K(Q,2);Q); this will kill the class zy in Q[z,y]. Let Y — Z be the principal fibration
with fiber K(Q,7) and k-invariant kit — ij € H3Z;Q). Then we have H*(Y;Q) =
Qlz, yl/ (zy, ka? — y*).

Now we can use the general fact [FHT, Section 17] that there exists a spatial realization
functor from the category of differential graded algebras to the category of CW complexes.
In our case, if we plug-in a Q-PDA A* with a G-action on it, the functor gives us a simply-
connected Q-local space Y with H*(X) = A* and a G-action on Y realizing the G-action
on A*.

Let the starting local space X in Theorem 5.1.1 be the homotopy orbit space of Y.
ie. X = (EZy xY)/Zs. Then X is a Q-local, Q-Poincaré complex with m1(X) = Zo
and H* ()~( ;Q) = A*. By the property of the transfer homomorphism which says that for
m(X) = G, H*(X;Q) = H*(X;Q)%, we can compute that

H*(X;Q) = Qa, B)/(af, ka® - 5%)
with |a| = |B| = 4, where «, 8 pull back to 2% and 2 in H4()?;Q).
Now we are ready to determine whether there exists a smooth closed manifold M re-

alizing the rational homotopy type of X by checking the conditions in Theorem 5.1.1. Let
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p € Hg(X;Q) be the fundamental class such that (a2, u) = 1, then the intersection form is

oo

1 0
with signature ¢ = 0 or 2. It is isomorphic to ( ) if and only if k = +1 (mod Q*?)
0 =1

If the signature o = 0, for condition (i) in Theorem 5.1.1, we can pick p; = 0 € H*(X; Q)
and ps = 0 € H3(X;Q), so
La(p1,p2) =0
for condition (i), the equivariant intersection form H*(X;Q) x H*(X;Q) — Q defined as
(-U-,z3y) is hyperbolic if and only if

k=-1 (mod Q*?)

If the signature o = 2, one can compute that the G-signature oz, (X) # 0 € Ko(Q[Zs]),

so condition (ii) can not be satisfied. We have proved the following:

THEOREM 5.2.6. For any Q-PDA A* of the form in Case (i), there exists a free Zs-
action on a smooth closed manifold whose rational cohomology ring realizes A* with the
action < :)1 _01 > on A?. And this Zo-action is the only possible finite action on A* that
can be realized by a free orientation-preserving action on a manifold whose cohomology ring

realizes A*.

Case (i):  A* = Qlz,y]/(y? 2*)
First we notice that
Qlz,9)/(y*,2") = H*(CP’ x 5%Q)
so any manifold whose cohomology realizes such A* is rational homotopy equivalent to
CP? x S2.

As in Case (i), one can check that
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is the only possible finite action on A* with Lefschetz number zero. So G = Zs is the only
finite group that could possibly act freely on a manifold whose cohomology ring realizes
such A*.

Notice that on CP?, the action

[x:y:z:t)]—=[-7:T:—1:Z]

gives a free action of order 2, together with the antipodal map on S2, this free Zs-action on
CP? x S? realized the Zs-action on the cohomology ring A* with generator g = <_01 _01>.
But we can still ask, does there exist a smooth closed manifold M such that there exists
a free Zs-action on M that realizes the action above on H*(M;Q) = A* but M is not
homeomorphic to CP? x §2? The answer is yes, and there exist manifolds which are not
obatined from the obvious construction of connecting sum with a rational homology sphere.
We follow the same procedure as in Case (i), constructing the local space Y which agrees
with the localization of CP3 x S? and a corresponding Zs-action on it. Then we obtain the
starting local space X = (EZg x Y)/Zy, with 71(X) = Zy, H*(X;Q) = A*, and by the
transfer homomorphism,
H(X;Q) = Qlos 8]/ (a2, 57)
with |a| = | 3| = 4, where a, 3 pull back to 22 and xy in H*(X;Q). Let u € Hg(X;Q) be

the fundamental class such that (a3, u) = 1, then the intersection form is

with signature o = 0.
For condition (i) in Theorem 5.1.1, any Pontryagin class p; € H*(X;Q) can be written
as ac + bB with a,b € Q, any Pontryagin class p, € H3(X;Q) can be written as ca3 with

¢ € Q. To satisfy condition (i), we seek pi, pa such that

1

La(p1,p2) = ——p3 +

7
T —p2 = (2ab+c)af =0

45
There are obviously infinitely many triples (a, b, ¢) that satisfy this identity, which can

realize infinitely many distinct pairs of Pontryagin numbers p1 1 = 2ab and ps = c¢. For

condition (i), the equivariant intersection form H*(X;Q) x H*(X;Q) — Q defined as
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(-U-, 23y) is clearly hyperbolic. Then all these distinct Pontryagin numbers can be realized
by smooth closed manifold with distinct homeomorphism types.

We have proved the following theorem:

THEOREM 5.2.7. For any Q-PDA A* of the form in Case (i), which is isomorphic
to H*(CP3 x §%,Q) = Q[z,y]/(y?, x%), there exists a free Zy-action on a smooth closed
0 > 2

on A-.

manifold whose rational cohomology ring realizes A* with the action (01
Such Zs-actions are the only possible finite action on A* that can be realized by a free
orientation-preserving action on a manifold whose ratioanl cohomology ring realizes A*.

And the realizing manifolds fall into infinitely many homoemorphism types.

Case (iii1):  A* = Q[z,y]/(kx? — y?, 2*) with k # 0.

First notice that when £ =1 (mod Q*?), A* is isomorphic to
H*(CP*#CP4Q) = Qlz,yl/(zy, 2" +y*)
which was already discussed in Case (7). When k = —1 (mod Q*?), A* is isomorphic to

Qlz,y)/(@* +y*,2")
When k # +1 (mod Q*?), one can check that
()
0 —1

is the only possible finite action on A* with Lefschetz number zero. So G = Zs is the only
finite group that could possibly act freely on a manifold whose cohomology ring realizes A*.

When k = —1, i.e. the case A* = Q[x,y]/(z? + y?, z%)

1 o 0 -1 0o 1
o=(00) e (0) e em(50)

are the only possible finite actions on A* with Lefschetz number zero. So G = Zs, generated
by g = ( _01 _01 ), and G = Z4, generated by g = < _01 z ), are the only finite groups
that could possibly act freely on a manifold whose cohomology ring realizes such A*.

We follow the same procedure as in the last two cases. Applying Theorem 5.1.1, all the

above G-actions can be realized. We have proved the following theorem:



5. NON-SIMPLY-CONNECTED RATIONAL SURGERY 54

THEOREM b5.2.8. For any Q-PDA A* of the form in Case (iii1), there exists a free
Zo-action on a smooth closed manifold whose rational cohomology ring realizes A* with
the action < _01 _O > on A2. This is the only possible finite action on A* with k # +1

(mod Q*2) that can be realized by a free orientation-preserving action on a manifold whose

rational cohomology ring realizes A*.

THEOREM 5.2.9. For Q-PDA A* = Q[x,y]/(2% + v?,2), there exists a free Zy-action
on a smooth closed manifold whose rational cohomology ring realizes A* with the action
( 01 ; ) on A?. This Zs-action together with the above Zs-action are the only possible

finite actions on this A* that can be realized by a free orientation-preserving action on a

manifold whose rational cohomology ring realizes such A*.

Case (iiiz):  A* = Q[z,y]/(kz? — y?, fz* — 23y) with k # 0.
When k =1 (mod Q*?), any A* in Case (iiiz) is isomorphic to a Q-PDA of the form
in Case (i7i1).

When k # +1 (mod Q*?), g = (

. 01 > on A? is the only possible finite action on

A* with Lefschetz number zero. By condition (ii) in Theorem 5.1.1, this Zg-action can be
realized by a free action on a smooth closed manifold whose cohomology ring is A* if and
only if

Z—k=1 (modQ*?)

When k = —1 (mod Q*?), any A* in Case (iii2) is isomorphic to a Q-PDA of the form

Q[z,y]/(x? + y?, bx* — 23y). Then

_ ([ -1 0 [ 0 -1 . o 0 1
9= 0 -1 9= o 9=1{_

are the only possible finite action on A* with Lefschetz number zero. By condition (ii) in
Theorem 5.1.1, the corresponding Zg-action can be realized by a free action on a smooth

closed manifold whose cohomology ring is A* if and only if

=0
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THEOREM 5.2.10. For Q-PDA A* = Q[z,y]/ (2 +y?, 23y), there exists a free Zy-action
on a smooth closed manifold whose rational cohomology ring realizes A* with the action
( 01 (1) ) on A%. This Z4 action is the only possible finite action on A* that can be

realized by a free orientation-preserving action on a manifold whose rational cohomology

ring realizes A*.



CHAPTER 6

Rational surgery with m = Z

We will study the rational surgery realization problem in dimensions 4k+1 when m; = Z.
I wish to give an realization theorem on a general case when the starting local space X is
a fibration over the circle. But at this point, I am only able to handle the case when
X =Y x S! where Y is a 4k-dimensional Q-local space. The following theorem says that

X can be realized by a smooth closed manifold if and only if Y is realizable.

THEOREM 6.0.1. Given a 4k + 1 dimensional Q-local, Q-Poincaré complez X =Y x St
where Y is a 4k-dimensional simply-connected Q-local Q-Poincaré complex, there exists
a closed smooth 4k + 1 dimensional manifold M with m (M) = Z, and a Q-homotopy
equivalence f: M — X if and only if:

There exist cohomology classes p; € H¥(Y;Q),1 < i < k, and a fundamental class
py € Hy(Y;Q) =2 Q such that

(1) (Lr(p1,---spr)spy) = o(Y)

(ii) The intersection form on H?*(Y;Q) defined as (- U -, uy) is isomorphic to a form
m(l) & n(—1) for some integers m and n.

(iii) There exists a closed smooth 4k+1 dimensional manifold M' and a map v : M' — S1

such that
(pr,py’) = (pr(tar) U e, [M])

for all partitions I of k. Here o € H'(S') is a generator.

PROOF. («<=) If there exists a choice of cohomology classes p; € H*(Y;Q) and a fun-
damental class uy satisfying the conditions (i),(ii) and (iii), by Theorem 3.1.1, there ex-
ists a manifold N and a rational homotopy equivalence g : N — Y. Then obviously,

gxId: M =N xS"— M =Y x S'is a rational homotopy equivalence, so the rational

56
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homotopy type of X can be realized by the 4k + 1 dimensional closed smooth manifold
M = N x Sh.

(=): Suppose there exists a closed smooth 4k + 1 dimensional manifold M with
w1 (M) = Z, and a Q-homotopy equivalence f : M — X. Then f induces an isomorphism
on cohomology f* : H*(X;Q) —» H*(M;Q), let p; = i*p;x where [*piy = pi(tar),
i=1,... k.

To prove condition (iii), let puy € Hyr(Y; Q) be the fundamental class such that i, puy =
u*a M p, where = fu[M] and u: X =Y x S' — Sl is the projection. Let M’ = M and

v=wuo f, then

(prpy) = (prxUu o, p)
= (pr(mar) Uvta, [M])
For condition (i), notice that one can perturb the second coordinate of f = (f1, fa2) :

M — X =Y x S!' so that wo f : M — S' is transverse regular to a point * € S, let

N = (uo f)~!() be the transverse inverse image. Let i : N < M be the inclusion, then

(pr,py) = (Li(p1, - pk)) Uu' o, p)
= (Lg(p1,...,px) Uu'a, f[M])
= (Le(f'p1ye- o fpr), ffuta N [M])
= (Li(pr(ma), - -, pr(Tar)), ix[N])

= (Le(p1(7n), - pe(Tn)), [N])

The last equality (*) is a consequence of the following Lemma 6.0.2, and condition (ii) also

follows from Lemma 6.0.2.

LEMMA 6.0.2. With the above settings, let

on : H*¥(N;Q) x H*(N;Q) —» Q



6. RATIONAL SURGERY WITH m =7 58

be the symmetric forms defined as (-U -, [N]), and let
oy : HH(Y;Q) x H*(Y;Q) = Q
be the symmetric forms defined as (- U -, uy). Then in the Witt group,

[on] = [dy]

PRrOOF. We have the following commutative diagram:

N Y *

%

MMTYXR f R
N Y *
M—Tl yyst» 5

where M, is the infinite cyclic cover of M induced by the map exp : R — S'. As in
the base space level, in the covering space level, we can perturb the second coordinate
of f = (ﬁ,fg) : My — Y X R so that the map w o f is transverse regular to the point
+=0¢cR, then N = (7o f)~!(x) is a 4k dimensional manifold that is homeomorphic to
N = (uo f)~1(x), we will also use N to denote N. By construction, f: My — Y x Ris a
proper rational homotopy equivalence.

As in the proof of Novikov conjecture for 7 = Z [D2], let:
ONCM + H (Moo; Q) x H* (Moo; Q) — @

be the symmetric bilinear form defined by ¢ncar (a’,b') = (i"a’ U™V, [N]) for o’,b €
H?**(My; Q). And let

dycyxr : H*(Y xR;Q) x H*(Y xR;Q) — Q

be the form defined by ¢ycyxr(a,b) = (i*a Ui*b, uy) for a,b € H*(Y x R; Q).
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In the base space level, we have the identity

LN = fu(fru"an [M]) = "o n fo[M] = "o N p =iy
in Hyp(X;Q) = Hy(Y x S1; Q). Since the map H, (Y xR; Q) — H.(Y x S'; Q) is injective,
up in the covering space level, we have f*?* [N] :LMY’ which implies that
Pycyxr = ONC M.,

It is clear that ¢y = ¢ycyxr. Then to prove Lemma 6.0.2 which asserts [¢pn]| = [¢y],
all we need to show is that [¢n] = [pncar, ] in the Witt group. The following three lemmas
will be used to prove this identity.

LEMMA 6.0.3. [D2, Lemma 2.5] Let K be a compact set in X. Suppose X is filtered by

XoCcXjCcXoC---CX
Then there exist s an integer N so that for alln > N,
PKcx = PKrCx,

LEMMA 6.0.4. [D2, Lemma 2.6] Let X***1 be a manifold with compact boundary 0X .
Then in the Witt group,

[Pox] = [poxcx]

PrOOF. Let L = Im(i* : H*(X,Q) — H?*(0X;Q)). One can prove that L+ C L.
Then

dox ~ Box|mry
~  Pox ’L/Ll
~ ¢oxl|L
= ¢oxcx
0

LEMMA 6.0.5. Suppose 0X <i> X <Z—/> X' where 0X s the disjoint union X1 [] —Xa.

Then the symmetric forms

dxcx = dx,cxt
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PROOF. For any a,b € H?**(X';Q).
boxcx(a,b) = (i*i"aUi*i"b,[0X])
= (i*i"a,i""*b N 0.[X])
= (i*i"a,0.(i"b N [X])
= (5" "a,bN[X])
=0
This implies that ¢(x, 11-x,)cx’ =0, 80 dx;cx’ = Pxycx- O]

Now we go back to the proof of Lemma 6.0.2. Let M, ,j = (uo )Yz, y] for any subset

[z,y] CR, and N,, = (w0 f)~1(n) for any integer n € R. We have

ON = Ony (for N >0, since Ny ~ N)
~ ONNCM_ oo N (Lemma 6.0.3)
= ONCM_oon (Lemma 6.0.5, dM[g n] = Ny U—N)
S ONcMo (Lemma 6.0.4)

Then we have
PN ~ ONCMo = Py cyxr = dy
which completes the proof of Lemma 6.0.2 .
O

Back to the proof of the necessary direction of Theorem 6.0.1, Lemma 6.0.2 implies that
the signature o(N) = o(Y) and ¢y ~ ¢ = m(1) &n(—1), so conditions (i),(ii) and (iii) are
all satisfied. By Theorem 3.1.1, there exists a choice of cohomology classes p; € H*(Y; Q)
and fundamental py if and only if Y can be realized by a 4k dimensional simply-connetced
smooth closed manifold. So Theorem 6.0.1 implies that, for X = Y x S', the rational

homotopy type of X can be realized by a closed manifold if and only if Y is realizable. [
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